Abstract. The purpose of this paper is to show a certain symmetry of two different constructions of reflexive polytopes arising from the geometry of Cayley trick and deformations of Fano toric varieties.
Introduction.
Refexive polytopes were introduced by V. Batyrev in [B] . These are lattice polytopes in a real space with lattice points corresponding to monomials of anticanonical degree on a Gorenstein Fano toric variety. Such polytopes are determined by the property that they have origin as the only interior lattice point with the dual polytope satisfying the same property. Calabi-Yau complete intersections in toric varieties correspond to Minkowski sum decompositions of reflexive polytopes and there is only a finite number of such polytopes in each dimension.
The purpose of this paper is to note a certain symmetry in two different constructions of reflexive polytopes arising from the geometry of Calabi-Yau complete intersections in toric varieties.
One construction is well known and it appears in a Cayley trick as follows (see [BBo1] ). For a complete intersection on a toric variety one can consider a vector bundle on the toric variety determined by the degrees of the defining equations of the complete intersection. Projectivization of this vector bundle turns out to be a toric variety again, and if the original complete intersection was Calabi-Yau then the anticanonical divisor on the projective space bundle is big and nef, and, in particular, gives rise to a reflexive polytope, which is explicitly described by a Minkowski sum decomposition of the original reflexive polytope. The constructed reflexive polytope admits a Minkowski sum decomposition as well, since the anticanonical divisor on the projective space bundle is a multiple of a generalized Calabi-Yau hypersurface degree.
A second construction of reflexive polytopes appears from deformations of Gorenstein Fano toric varieties in [M2] . One starts with a Gorenstein Fano toric variety associated to a reflexive polytope and constructs an embedding of the given Fano toric variety into a higher dimensional Gorenstein Fano toric variety. The ambient Fano toric variety is associated to a reflexive polytope which forms the second construction of reflexive polytopes from a given one. We would like to note that this construction is also associated to the geometry of Calabi-Yau complete intersections in the following way. The ample Calabi-Yau hypersurface of the original Fano toric variety is embedded as a Calabi-Yau complete intersection in the bigger Fano toric variety. In particular, the anticanonical degree of the ambient Fano toric variety and its associated reflexive polytope admit sum decompositions. Using this construction, "non-polynomial" deformations of the ample Calabi-Yau hypersurface can be realized as polynomial deformations of the Calabi-Yau complete intersection.
Reflexive polytopes are related to the notion of reflexive Gorenstein cones in the following way. A lattice polytope P in a real space R d is a Gorenstein polytope of index r if rP contains a single interior lattice point p and rP − p is a reflexive polytope. The cone σ = {(tP, t)| t ∈ R ≥0 } in R d+1 over the Gorenstein polytope P is called a reflexive Gorenstein cone of index r. This cone can be thought as a cone over the reflexive polytope located at integral distance r from the origin. The dual cone σ ∨ = {n ∈ R d+1 | m, n ≥ 0 ∀ m ∈ σ} is again reflexive Gorenstein of index r and is a cone over another Gorenstein polytope P * of the same index and rP * contains a unique interior lattice point p * . In particular, there are two reflexive polytopes rP − p and rP * − p * combinatorially dual to each other. If index r > 1, it was observed in [BN, Remark 1.13 ] that these two polytopes are not dual to each other as lattice polytopes, but the duality holds after a change of lattice. We will call such a pair of polytopes as Gorenstein dual of index r.
It turns out that there are Gorenstein cones of index r over the two differently constructed reflexive polytopes and these cones are dual to each other if they arise from the same Minkowski sum decomposition of a reflexive polytope with r summands. Therefore, these constructions of reflexive polytopes can be called Gorenstein dual to each other.
Combinatorics of reflexive polytopes and Gorenstein cones.
Let N be a lattice and M be its dual lattice with a paring * , * : M × N → Z. By [B] , a reflexive polytope ∆ in M R is a lattice polytope with only one interior lattice point (at the origin) such that its dual
in the dual vector space N R has the same properties. The pair ∆ and ∆ * is called a pair of dual reflexive polytopes and it satisfies ∆ = (∆ * ) * . There is a one-to-one correspondence between the faces the dual reflexive polytopes. If Γ is a proper face of ∆ (we write Γ ≺ ∆), then
is the dual face of ∆ * and dim Γ + dim Γ
From a given reflexive polytope we can produce reflexive polytopes in higher dimensions by the following construction. Let ∆ 0 , ∆ 1 , . . . , ∆ k be a collection of polytopes in M R . Consider a higher dimensional latticeM = M ⊕ Z k and denote by {e 1 , . . . , e k } the standard basis for the second summand Z k . ThenÑ = N ⊕ Z k is the dual toM lattice and set {e * 1 , . . . , e * k } be the dual to {e 1 , . . . , e k } basis in Z k . Denote e 0 = −e 1 − · · · − e k and∆ i = Conv(∆ i + e i ∪ {0}), for i = 0, . . . , k. For any two subsets P and Q of a real vector space we denote by P ⊎ Q := Conv(P ∪ Q) the convex hull of the union of P and Q. The operation ⊎ is clearly associative and commutative. Using this operation we define the polytopẽ
Lemma 2.1. Let ∆ be a reflexive polytope in M R and ∆ = ∆ 0 + · · · + ∆ k be a Minkowski sum decomposition by lattice polytopes in
Our construction of the reflexive polytope is related to the nef-partitions of reflexive polytopes introduced in [Bo] . A nef-partition of a reflexive polytope ∆ is a Minkowski sum decomposition ∆ = ∆ 0 +· · ·+∆ k by lattice polytopes such that the origin 0 ∈ ∆ i for all i = 0, . . . , k. A nef-partition has a dual nef-partition defined by the Minkowski sum decomposition of the reflexive polytope
Moreover, by Propositions 3.1 and 3.2 in [Bo] , we have the following dualities.
Lemma 2.2. [Bo] Let ∆ be a reflexive polytope in M R and let ∆ = ∆ 0 + · · · + ∆ k be a nef partition and ∇ = ∇ 0 + · · · + ∇ k be the dual nef partition in N R . Then
By construction, we see that∆ 0 + · · · +∆ k is a nef-partition even if ∆ = ∆ 0 + · · · + ∆ k is not a nef-partition. To construct its dual nef-partition we proceed as follows. A Minkowski sum decomposition of a polytope ∆ = ∆ 0 + ∆ 1 + · · · + ∆ k induces a Minkowski sum decomposition for each of its faces:
Define the following polytopes inÑ
for i = 1, . . . , k, where int(Γ * ) denotes the set of lattice points in the relative interior of Γ * .
Remark 2.3. If u ∈ int(Γ * ), then m, u = −1 for all m ∈ Γ. Since u also has a constant value on each Minkowski summand Γ l of Γ, we will write Γ l , u for this constant value.
Lemma 2.4. Let ∆ be a reflexive polytope in M R and ∆ = ∆ 0 + · · · + ∆ k be a Minkowski sum decomposition by lattice polytopes in M R . Then∇ 0 + · · · +∇ k is a reflexive polytope inÑ R = N R ⊕ R k . Moreover,∇ 0 + · · · +∇ k is a nef-partition dual to∆ 0 + · · · +∆ k and the following identities hold:
where e * 0 = −e * 1 − · · · − e * k . The above construction of reflexive polytopes arises from the construction of deformations of Fano toric varieties in [M2] . There is a second way to create reflexive polytopes for a Minkowski sum decomposition which arises from the geometry of the Cayley trick. For a collection of polytopes
Now we want to relate the above constructions of reflexive polytopes to the duality of reflexive Gorenstein cones from [BBo1] . LetM be a lattice andN be the dual lattice. Let σ ⊂M R be a finite rational polyhedral cone with a vertex at 0. The dual cone of σ is defined as
The cone σ is called Gorenstein, if there is n σ ∈N such that v, n σ = 1 for every primitive lattice generator v of σ. If σ is maximal dimensional then n σ is unique. The cone σ is called a reflexive Gorenstein cone if both σ and σ ∨ are Gorenstein cones, in which case they both have maximal dimension and uniquely determined n σ ∈N and m σ ∨ ∈M . The positive integer r = m σ ∨ , n σ is called the index for σ and σ ∨ . There is always a reflexive polytope associated to a reflexive Gorenstein cone of index r: σ (r) = {m ∈ σ| m, n σ = r}, the slice of the cone at an integral distance r from the origin. This lattice polytope is a reflexive polytope if we consider it in the real space supporting the defining hyperplane with the origin being at r · m σ ∨ . We will call the pair of polytopes σ (r) and σ ∨ (r) Gorenstein dual of index r. As noted in Remark 1.13 in [BN] , these reflexive polytopes are combinatorially dual to each other, but not dual as lattice polytopes. Moreover, the duality of lattice polytopes holds if one changes the lattice as in [BN, Proposition 1.15] Let ∆ be a reflexive polytope and ∆ = ∆ 0 + ∆ 1 + · · · + ∆ k be a Minkowski sum decomposition by lattice polytopes in M R . By [BBo1] , the conē
is reflexive Gorenstein of index k + 1. We can also write this cone as
is the standard basis of the second summand.
Lemma 2.6. There is equality of cones
Lemma 2.7. The dual toσ reflexive Gorenstein cone is
Note that the dual Gorenstein conesσ andσ ∨ are of index k + 1. By the above lemmas, the lattice polytopesσ (k+1) andσ ∨ (k+1) are isomorphic to the reflexive polytopes ∆ 0 + · · · + ∆ k and (k + 1)∇ 0 + e * 0 = (∆ 0 ⊎ · · · ⊎∆ k ) * , respectively. So, the polytopes ∆ 0 + · · · + ∆ k and∇ 0 + · · · +∇ k are Gorenstein dual of index k + 1. Applying Remark 1.13 and Proposition 1.15 in [BN] , we can see that the reflexive polytopes (∆ 0 ⊎ · · · ⊎∆ k ) * and ( ∆ 0 + · · · + ∆ k ) * must be the same up to a linear transformation and a change of the lattice. The same should hold for the dual reflexive polytopes.
Lemma 2.8. The homomorphism of lattices
Lemma 2.9. The homomorphism of lattices
,
Finishing this section, we will look at what happens if ∆ = ∆ 0 + · · · + ∆ k is a nef partition. In this case the dual nef-partition ∇ = ∇ 0 + · · · + ∇ k satisfies ∆ i , ∇ j ≥ −δ ij for all 0 ≤ i, j ≤ k, and the dual to ∆ reflexive polytope is
Since ∆ j , u ≥ 0 for j = i and ∆ i , u ≥ −1, we conclude that Γ j , u = 0 for j = i and Γ i , u = −1. Hence, by Lemma 2.7, we get
, t | t ∈ R ≥0 via the isomorphism in Lemma 2.7. For the reflexive polytopes we get the following duality.
Lemma 2.10. Let ∆ be a reflexive polytope in M R and let ∆ = ∆ 0 + · · · + ∆ k be a nef partition and ∇ = ∇ 0 + · · · + ∇ k be the dual nef partition in N R . Then
respectively.
Some basics from toric geometry.
This section will review some basic facts from [C1] , [F] , [M1] on toric geometry. See also [C2] , [D] , [O] for additional references.
Let X Σ be a d-dimensional toric variety associated with a finite rational polyhedral fan Σ in N R . Denote by Σ(1) the finite set of the primitive lattice generators of the 1-dimensional cones in Σ, which correspond to the torus invariant divisors D v for v ∈ Σ(1). From the work of David Cox (see [C1] ), every toric variety can be described as a categorical quotient of a Zariski open subset of an affine space by a subgroup of a torus. For simplicity assume that the generators in Σ(1) span N R . Consider the polynomial ring C[x v : v ∈ Σ(1)], called the homogeneous coordinate ring of the toric variety X Σ , and the corresponding affine space
. This set is invariant under the diagonal group action of the subgroup
of the torus (C * ) Σ(1) on the affine space C Σ(1) . Then by Theorem 2.1 in [C1] , the toric variety X Σ is the categorical quotient (C Σ(1) \ V(B))/G. This presentation is important because it allows to work with closed subvarieties of the toric variety. In particular, a torus invariant divisor D v is given by the equation x v = 0.
The ring C[x v : v ∈ Σ(1)] is graded by the the Chow group Every lattice polytope ∆ in M R determines the Weil divisor Finishing this section, we will recall from [C2] , [BoM] an alternative way to describe projective toric varieties using the language of Gorenstein cones. Suppose that ∆ is a lattice polytope in M R such that its support function ψ ∆ is strictly convex with respect to the fan Σ. In this case, the divisor D ∆ is ample and Σ = Σ ∆ is the normal fan of ∆. Consider the Gorenstein cone
The projective toric variety X ∆ := X Σ∆ can be represented as Proj( 
Cayley trick and its Gorenstein dual.
To describe the Cayley trick used in mirror symmetry by [BBo1] we start with a Gorenstein Fano toric variety X ∆ := X Σ∆ , whose (normal) fan Σ ∆ of the reflexive polytope ∆ consists of the cones generated by the proper faces of the dual reflexive polytope ∆ * in N R . Consider a Minkowski sum decomposition ∆ = ∆ 0 + · · · + ∆ k by lattice polytopes. The anticanonical divisor D ∆ = v∈Σ∆(1) D v on the Fano toric variety X ∆ is ample, and, in particular nef. Applying Lemma 3.1, we get nef divisors D ∆0 , . . . , D ∆ k on X ∆ . Given a collection of line bundles on a variety, Cayley trick associates to it the projective space bundle. In our case we get the
By [O, p. 58] , we know that this bundle is a toric variety with its fan in N R ⊕ R k .
Proposition 4.1. The torus invariant anticanonical divisor on P(E ∆0,...,∆ k ) is big and nef and equals D ∆0+···+ ∆ k .
Proof. We only need to check that for the torus invariant anticanonical divisor Y of the toric variety P(E ∆0,...,∆ k ) there is equality of polytopes:
But this follows immediately from the fan description in [O, p. 58 ] and Lemma 2.5.
By Theorem 3.2, for the nef divisor
, which relates the projective bundle to the Fano toric variety. The projection P(E ∆0,...,∆ k ) → X ∆ is also a contraction for the nef divisor on P(E ∆0,...,∆ k ) corresponding to the polytope ∆ in M R ⊕ R k . It is also true that ∆ is a Minkowski summand of ∆ 0 +· · ·+ ∆ k , whence we get the associated contraction X ∆0+···+ ∆ k → X ∆ . From the above we get the following commutative diagram.
The Fano toric varieties X ∆ and X ∆0+···+ ∆ k can also be described in the language of Gorenstein cones from [BBo1] . Let σ = {(t∆, t)|t ∈ R ≥0 } ⊂ M R ⊕ R and
Then, by the correspondence at the end of Section 3 and Lemma 2.6, we have
, where the last one is the contraction X ∆0+···+ ∆ k → X ∆ . There is more story to the Cayley trick in associating a semiample hypersurface in the projective bundle to the nef Calabi-Yau complete intersection on X ∆ given by generic global sections of the sheaves O X∆ (D ∆0 ) , . . . , O X∆ (D ∆ k ), but we will not need this here. Now, let us describe the dual of the Cayley trick. We will do it formally but the geometric significance of it for Mirror Symmetry will be clear in the following sections. Consider the Fano toric variety X ∆ * , whose fan Σ ∆ * in M R consists of the cones generated by the proper faces of the reflexive polytope ∆ = (∆ * ) * . Take the same Minkowski sum decomposition ∆ = ∆ 0 + · · · + ∆ k as above. We have a natural inclusion of spaces M R ⊂ M R ⊕ R k which induces the inclusion of polytopes ∆ ⊂ (k+1)∆ 0 ⊎· · ·⊎∆ k and the map of fans over the proper faces of these polytopes
Theorem 4.2. [M2] Associated to the map of fans Σ ∆ * → Σ (∆0⊎···⊎∆ k ) * , the map between the toric varieties X ∆ * → X (∆0⊎···⊎∆ k ) * is an embedding, whose image is a complete intersection given by the equations Let l(∆ * ) denotes the number of lattice points in the reflexive polytope ∆ * . By [M2] , we have (kl(∆ * ) − k)-parameter embedded deformation family of X ∆ * in X (∆0⊎···⊎∆ k ) * given by the equations:
The embedding X ∆ * ֒→ X (∆0⊎···⊎∆ k ) * can also be described in the language of Gorenstein cones. Let σ andσ be the same cones as above. Associated to the inclusion of cones σ ⊂σ, there is a projectionσ
and the corresponding ring homomorphism
which is surjective by Lemma 2.1 in [M2] . Hence, we get the embedding
By (1) and Lemma 2.
Since Σ∇ 0 = Σ (∆0⊎···⊎∆ k ) * by Lemma 2.4, we also get
where the image is a complete intersection given by χ
of the deformation of X ∆ * is related to the Fano toric variety X ∆0+···+ ∆ k = Proj(C[σ ∩M ]) from the Cayley trick by the duality of the Gorenstein cones, it is natural to call X (∆0⊎···⊎∆ k ) * as the Gorenstein dual to X ∆0+···+ ∆ k and vice versa. Note that the reflexive polytopes associated to these toric varieties are not dual to each other, but a precise relation between them is described in Lemmas 2.8 and 2.9. We will conclude this section by comparing the Cayley trick and its Gorenstein dual in the case when ∆ = ∆ 0 + · · · + ∆ k is a nef partition in M R and ∇ = ∇ 0 + · · · + ∇ k is the dual nef partition in N R . In this case, by Lemma 2.10, we get
By the Cayley trick and its dual we have pairs of contractions and embeddings:
5. Categories of reflexive polytopes and Gorenstein Fano toric varieties.
The category of toric varieties consists of the toric varieties together with the toric morphisms between them. It is natural to consider the subcategory GF of the category of toric varieties consisting of the Gorenstein Fano toric varieties where the morphisms are again toric morphisms. Since we know that there is a oneto-one correspondence between the reflexive polytopes and the Gorenstein Fano toric varieties, we can naturally extend the category of reflexive pairs with finite morphisms considered by V. Batyrev in [B] .
A reflexive pair (∆, M ) consists of the lattice M and the reflexive polytope ∆ in M R . A morphism between reflexive pairs
is a homomorphism of lattices φ : M 1 → M 2 such that for each proper face Γ 1 ≺ ∆ 1 there is a proper face Γ 2 ≺ ∆ 2 such that φ(R ≥0 · Γ 1 ) ⊆ R ≥0 · Γ 2 . The category of reflexive pairs with the defined morphisms will be denoted by RP.
Remark 5.1. The definition of the morphism of reflexive pairs arises from the definition of the map of fans spanned by the proper faces of the reflexive polytopes. If Σ ∆ is the normal fan in N R associated to the polytope ∆, then the morphism φ : (∆ * 2 , N 2 ) → (∆ * 1 , N 1 ) is equivalent to the map of the fan Σ ∆2 to Σ ∆1 . The covariant functor X * : RP → GF, ∆ → X ∆ * , is an equivalence of categories of reflexive pairs and Gorenstein Fano toric varieties. Now we will apply the language of categories of reflexive pairs to the polytopes defined in Section 2. We have two commutative diagrams of reflexive pairs, dual to each other:
where the horizontal arrows are induced by the inclusion M ֒→M = M ⊕ Z k and the dual projectionÑ = N ⊕ Z k → N , the morphisms ϕ, ϕ * are the same as in Lemmas 2.8 and 2.9, and the other vertical arrows are the multiplications by (k+1).
